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Quantum materials such as complex oxides display coopera-
tive effects involving the interplay of multiple degrees of 
freedom (charge, spin, orbital, lattice) that lead to a wide 

variety of electronic phases and properties. These effects raise fun-
damental scientific questions and provide potentially useful func-
tionalities. The tight interplay between different electronic phases  
is both an opportunity and a challenge for materials design and 
property control. Notable progress has recently been achieved in 
two experimental directions: synthesis and growth of transition 
metal oxide quantum materials, and advanced characterization 
and spectroscopy of the resulting electronic properties. At the same 
time, theory is reaching the stage where some properties can be pre-
dicted quantitatively, and some materials can be designed de novo.

Continued development of materials synthesis techniques, in 
particular thin-film deposition1 and molecular-beam epitaxy meth-
ods2, has allowed for the construction of artificially layered materi-
als with both atomic specificity and picometre precision and led to 
fine control of electronic properties. The ability to fabricate mate-
rials a single atomic layer at a time permits the control of funda-
mental parameters (for example, electronic bandwidth, splitting 
between energy levels of different orbitals, screening) to achieve 
specific electronic properties. However, there are still appreciable 
challenges to overcome, including refined control of oxygen stoichi-
ometry, minimization of point and antisite defects, low-temperature 
growth, and control over heterostructuring of nominally incompat-
ible constituent materials.

The ability to fabricate materials with such precision has spurred 
the development of instrumentation and measurement techniques. 
Advances in scanning transmission electron microscopy (STEM)3 
and synchrotron crystal truncation rod diffraction analysis4 have 
enabled the determination of materials structure down to the 
picometre level, even for the small sample volumes of ultrathin 
films and heterostructures. Developments in photon-based spec-
troscopies, such as resonant inelastic X-ray scattering5 and X-ray 
photon correlation spectroscopy6, have added to the battery of high- 
resolution spectroscopies, such as angle-resolved photoelectron 

spectroscopy (ARPES)7 and scanning tunnelling microscopy8. New 
avenues have also been opened towards the exploration and control 
of quantum materials in out-of-equilibrium conditions, for example 
using intense ultrashort light pulses and time-resolved structural 
determination via free-electron lasers9.

In this context, theoretical guidance on the materials that should 
be synthesized and the measurements that should be made is critical. 
Conversely, careful comparison with high-resolution experiments 
can validate the assumptions and approximations underpinning 
theories of complex quantum materials. Figure 1 shows the syner-
gistic interplay between theory and experiment that drives progress 
in the field.

Theoretically, describing strongly interacting quantum many- 
particle systems is challenging. The exponentially large Hilbert space 
and the quantum entanglement of many degrees of freedom make 
an exact theoretical treatment impossible. For materials in which 
electronic correlations are relatively weak, computational methods 
based on the single-particle framework of density functional theory 
(DFT) have proven remarkably successful both in understanding 
properties and in providing guidance towards materials design  
and engineering10.

However, in materials with strong electronic correlations, such 
as transition metal oxides with partially filled d shells, the elec-
tronic excitation spectra cannot be described reliably within the 
band-theory paradigm and require the development of theoretical 
approaches that directly address correlations. Dynamical mean-field 
theory (DMFT)11,12 has emerged as a widely used method going 
beyond the limitations of DFT, allowing for quantitative calculations 
of many properties of materials with strong correlations, thanks to 
continued developments in computational methodologies.

This Perspective presents an overview of theoretical progress, in 
relation to ongoing efforts in materials design and novel spectros-
copies. We highlight a few materials families where the interplay of 
theory and experiment has been successful. We then discuss ongo-
ing challenges on the theoretical as well as the experimental side. 
Connections are drawn to the areas of quantum chemistry, ultrafast 
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dynamics and strong light–matter interactions, as well as to materi-
als beyond the Mott-correlated-electron paradigm.

Theoretical background: from weak to strong correlations
In the absence of interactions between electrons, the quantum  
state of a multielectron system is constructed by finding individual 
states for a single electron and populating these states according  
to Fermi statistics. In a periodic solid, these single-electron states 
are Bloch waves, organized into energy bands — hence the term 
band theory.

Once interactions are introduced, the motions of different elec-
trons become correlated and their states become entangled. In prac-
tice, if the correlations are weak the band-theory picture is still a good 
approximation, provided that, when solving for each single-electron 
state, we include the averaged effect of the other electrons via some 
mean-field approximation. This approach is best exemplified by 
DFT, which in principle provides the exact ground-state energy 
and electron density. Examples of successes for DFT-based meth-
ods include the study and/or design of ferroelectric13 and multifer-
roic14 materials and predictions of hydrogen-based superconductors 
under high pressure15. Despite DFT successes, there are problems 

even for weak correlations. The exact DFT energy functional is not 
known and there is an ongoing effort to improve the approximate 
functionals now in use. More fundamentally, DFT provides only a 
single-electron mean-field approximation of excited states, often 
in disagreement with experimental spectroscopic measurements. 
Perturbative treatments of electron–electron interactions, as imple-
mented for example in the GW approximation16, can produce quan-
titatively accurate excitation spectra for weakly correlated materials. 
However, for wide classes of materials, non-perturbative methods 
are needed to obtain both the correct ground state and the observed 
excitation spectrum. These materials are referred to as strongly 
correlated.

It should be emphasized that strong correlation is not identical to 
strong interaction. For example, when electron–electron repulsions 
become very strong, the physics is often simply that of localized 
electrons avoiding each other in real space and the wave function 
may sometimes be approximated as a simple product form — see, 
for example, ref. 17. The strong-correlation problem can emerge in 
two cases. In the highly localized regime, strong quantum fluctua-
tions associated, for example, with spin-½ degrees of freedom and 
geometrical frustration can give rise to ‘spin-liquid’ behaviour not 
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Fig. 1 | Interplay of theory and experiment. Schematic showing the interplay between theory and experiment when proposing, measuring, understanding and 
designing electronic properties of quantum materials. each rung of the ladder represents a certain class of methods, and knowledge and materials complexity 
are enhanced as the ladder is ascended. On the left-hand side of the ladder, key theoretical tools are highlighted, including DFT-based electronic structure 
theory (exemplified in the ‘Ab initio theory’ box by the single-particle Kohn–Sham (KS) eigenvalue equations, involving the self-consistently determined 
Kohn–Sham potential VKS, that provide, upon solving the equations, the energy εi and wave function ψi(r) of each electron separately), as well as the inclusion 
of electronic correlations through many-body embedding methods such as DMFT (represented by the Hubbard model Hamiltonian in the ‘Many-body theory’ 
box describing electron tunnelling processes with strength −taa′ij  between orbital a on atom i and orbital a′ on atom j together with localized electron–electron 
interactions Hatom

i  on each atom i). The two levels of methods are self-consistently coupled (arrows). Implementing this theoretical framework requires the 
development of advanced algorithms and software and the use of high-performance computing. On the right, critical experimental approaches are indicated: 
layer-by-layer synthesis using molecular-beam epitaxy, synchrotron X-ray characterization of atomic-scale structure, magnetotransport measurements and 
several spectroscopies, as well as pump–probe dynamic control. On the first rung, theorists identify and model an interfacial system using first-principles 
DFT calculations. Next, experimental structural characterization describes the actual interfacial structural motifs. This leads theorists to use DFT to design a 
new superlattice heterostructure incorporating the key observed structural motifs that should lead to new electronic states. experiments on this superlattice 
reveal unexpected magnetotransport or spectroscopic results that are not comprehensible with independent-electron band structures, calling for the use of 
many-body electronic structure methods to account for electronic correlations and to describe emergent collective phases. Pump–probe experiments offer a 
pathway for the dynamic control of these emergent electronic properties.

NATure MATerIAlS | VOL 20 | NOVeMber 2021 | 1462–1468 | www.nature.com/naturematerials 1463

http://www.nature.com/naturematerials


PersPective NaTure MaTerials

understandable in terms of simple product wave functions. Moving 
beyond strong localization, the intermediate regime where elec-
trons ‘hesitate’ between delocalized behaviour (electrons behaving 
as waves) and localized behaviour (electron behaving as particles) 
is especially challenging. This is the case in materials such as tran-
sition metal oxides close to a Mott metal–insulator transition18 or 
rare-earth and actinide compounds19. Such quantum materials are 
difficult to describe using a one-electron picture.

Electronic structure calculations with DMFT have proven suc-
cessful in this intermediate regime. The DMFT approach starts with 
a description of the many-body electronic state of the individual 
atoms. Subject to interactions such as Coulomb repulsions and 
the intra-atomic exchange (Hund’s coupling), the electrons of an 
incomplete d or f shell organize into many-body eigenstates known 
as ‘atomic multiplets’. When atoms are brought together to form an 
extended solid, electron hopping events lead to local changes in the 
multiplet configuration that each atom adopts in time and space. 
DMFT describes the history of quantum fluctuations between these 
multiplet configurations. At high energies, only a few configurations 
are relevant, and the excitations of the system are well described in 
terms of real-space transitions between atomic multiplets — such as 
‘Hubbard bands’, which are valence transitions corresponding to the 
addition or removal of one electron in the atomic shell. At low ener-
gies, wave-like quasiparticle excitations best described in momen-
tum space emerge as a result of the superposition of a large number 
of local configurations. The theory has been successfully combined 
with state-of-the-art electronic structure methods such as DFT or 
GW (refs. 18,20,21), allowing for a realistic description of the electronic 
structure of quantum materials with strong electronic correlations. 
This ability to describe both atomic-like excitations and low-energy 
quasiparticles in a chemically realistic context and hence to solve 
the localized/delocalized, particle-like/wave-like conundrum is the 
main success of DMFT.

While the concept underlying the DMFT approximation is gen-
eral, existing implementations involve strong locality assumptions. 
Typically, dynamical interactions and correlations are treated only 
one site at a time. Extensions and generalizations of the quantum 
embedding concept that relax this restriction are under develop-
ment22–26. Promising theoretical approaches not based on embed-
ding are currently subjects of active research, including diffusion and 
auxiliary field quantum Monte Carlo methods27 and density-matrix 
renormalization-group/tensor network methods28, with recent 
applications to molecular systems and quantum-chemistry-based 
methods29,30. Given space constraints and because these methods 
have not yet been applied to a wide range of materials, we will not 
discuss them further here.

Nickelates and the electron–lattice interplay
The rare-earth nickelates, with formula RNiO3, are a prominent 
example of a family of compounds displaying (with the notable 
exception of LaNiO3) a metal–insulator transition as temperature is 
reduced31. Concomitant with the entry into the insulating phase is 
a symmetry-lowering structural transition to a two-sublattice bond 
disproportionated structure with alternately expanded and con-
tracted NiO6 octahedra.

This electronic transition can be visualized in real space using 
for instance scanning near-field optical microscopy32 and photo-
emission electron microscopy (PEEM)33. Figure 2 shows PEEM 
maps revealing the temperature evolution of metallic and insulating 
domains across the metal–insulator transition and resistivity versus 
temperature for a representative NdNiO3 film.

The RNiO3 materials crystallize in the perovskite structure, a 
network of corner-sharing NiO6 octahedra with the rare-earth 
atoms occupying the spaces in between. As the rare-earth size  
is increased the Ni–O–Ni bond angle is straightened and the orbital 
overlap is enhanced between the Ni d states and the O p states. This 

increases the bandwidth and, in turn, decreases the metal–insulator 
transition temperature (TMI).

Usual valence counting for an ABO3 perovskite with a trivalent 
A3+ cation assigns an O2− state to oxygen, implying that Ni is in the 
3+ (d7) state. This valence assignment is problematic for two reasons: 
Ni d7 involves one electron in the twofold-degenerate eg-symmetry 
orbital manifold, so this configuration should be highly susceptible 
to Jahn–Teller distortions, which are not observed. In addition, the 
d7 configuration is not susceptible to the observed bond dispropor-
tionation because this would imply an electronic disproportion-
ation from d7–d7 to d8–d6, which is disfavoured by the Hubbard U. 
As recognized early on34, Ni is nearly as electronegative as oxygen 
in these compounds, implying that the Ni valence is closer to 2+ 
and the dominant configuration in the wave function is d8L, with L 
denoting an oxygen ligand hole. In this configuration, Hund’s first 
rule strongly favours a high-spin, approximately charge-symmetric 
configuration for the Ni, explaining the lack of Jahn–Teller distor-
tions and instead a bond and charge disproportionation (two paral-
lel spins every other site).

In the insulating phase, the electronic disproportionation can be 
viewed schematically as d8L + d8L → d8 + d8L2, in which the d8 octa-
hedra carry a magnetic moment close to spin S = 1 while the d8L2 
octahedra have a vanishing moment35. This interplay of correlation 
and bonding effects is naturally captured by DMFT calculations36, 
which have confirmed the picture and provided an understanding 
of the metal–insulator transition as a ‘site-selective Mott transition’, 
in which the Mott phenomenon takes place on the d8 sites, while the 
d8L2 sites undergo a Kondo-like screening.

Despite the more realistic nature of the ligand-hole picture, the 
essential physics of the RNiO3 metal–insulator transition is well 
captured by a low-energy description of the electronic structure 
that retains only the strongly hybridized Ni 3d/O 2p Wannier states 
forming the frontier eg bands near the Fermi level37.This low-energy 
effective model must involve strongly screened interactions.

The nickelates, like many other correlated materials, exhibit a 
close interplay between electronic instabilities and lattice distor-
tions. Recently, theoretical studies in the context of nickelates have 
revealed the key parameters controlling this interplay38. These dis-
tortions modify the electronic structure (for example, bandwidth, 
susceptibility to electronic disproportionation) via tuning of the 
Ni–O–Ni bond angle, which can be modified in epitaxial hetero-
structures by strain, substrate orientation and ultrafast light pulses, 
achieving control of the metal–insulator transition in nickelates39.

The active and ongoing feedback between theory, measurement, 
materials synthesis and characterization has pushed the frontier of 
state-of-the-art science on all sides. This has enabled a much deeper 
understanding of many-body electronic structure, metal–insulator 
transitions and approaches to engineering functional properties.

ruthenates: Hund’s metals and non-equilibrium steady 
states
The different members of the Ru oxide based Ruddlesden–Popper 
perovskite series Xn + 1RunO3n + 1 (with X = Sr, Ca, Ba) display a wide 
diversity of unusual behaviours depending both on X and on n. The 
three-dimensional (n = ∞) compound SrRuO3 is a ferromagnetic 
metal with possible applications to spintronics whereas CaRuO3 
remains a paramagnetic metal down to the lowest temperatures. 
The single-layer (n = 1) compound Sr2RuO4 is a remarkable super-
conductor40 while Ca2RuO4 exhibits a correlation-driven metal–
insulator transition involving a rich interplay between orbital, 
charge and lattice degrees of freedom41. Bilayer (n = 2) Sr3Ru2O7 
displays a quantum critical endpoint with associated formation of 
an electronic nematic phase under an applied magnetic field42 while 
bilayer Ca3Ru2O7 is a ‘ferroelectric-like metal’ (that is, one with bro-
ken inversion symmetry) with interesting magnetic phases and an 
incipient Mott transition revealed by modest Ti substitution on the 
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Ru site43. Both the n = 1 and n = 2 Ca compounds reveal remark-
able current-driven insulator–metal transitions44. The challenge of 
unravelling the dependence of physical properties on X, n, strain 
and current has stimulated the development of both experimental 
and theoretical techniques. For example, the variation of magnetic 
properties across the series going from CaRuO3 to SrRuO3 and then 
to BaRuO3 has provided both a confirmation of the DMFT approach 
and insights into the physics of ferromagnetism45,46.

Sr2RuO4 is of particular interest because large single crystals with 
outstanding purity can be synthesized, allowing for essentially all of 
the experimental probes in the community’s toolbox to be success-
fully used and enabling precise comparisons of quantum many-body 
calculations with experiments47. At very high temperatures, the 
material is a ‘bad metal’, with resistivity exceeding the Mott–Ioffe–
Regel limit48. An intermediate-temperature ‘strange-metal’ regime 
characterized by quasilinear resistivity, an enhanced Seebeck coef-
ficient and a temperature-dependent Hall coefficient separates the 
bad-metal regime from a low-T (<25 K) Fermi liquid with enhanced 
quasiparticle effective masses49. A theoretical understanding of the 
main features of these normal-state properties has been achieved. 
Of particular note are ultrahigh-resolution laser ARPES experi-
ments that have provided a direct determination of the electronic 
self-energy47,enabling an unambiguous test of the locality ansatz 
assumed in the DMFT approach.

These studies have revealed that the key driver of the physics of 
the ruthenates is the on-site Hund’s coupling50, marking the ruthe-
nates as members of the broad class of ‘Hund’s metals’, which also 
includes the iron-based superconductors. Studies51,52 have revealed 

that a hallmark of these materials is a subtle interplay between local 
spin and orbital fluctuations, associated with distinct temperature 
scales.

Ca2RuO4 is a bad metal at high temperatures, but below T ~ 350 K 
it undergoes a transition into a non-magnetic insulating state, fol-
lowed by antiferromagnetic ordering at TN ≈ 140 K. The crystal 
symmetry does not change across the transition, but an orbital dis-
proportionation appears in which the Ru dxy orbital becomes fully 
occupied and the dxz/dyz orbitals correspondingly become half filled 
and prone to Mott insulating behaviour, while the RuO6 octahedra 
undergo a compression along the c axis. The transition is found to 
be remarkably sensitive to epitaxial constraints53, with thin films 
of Ca2RuO4 grown epitaxially on NdGaO3 (+0.3% strain) and 
LaSrAlO4 (−0.48% strain) remaining insulating up to 550 K while 
films grown on NdAlO3 (−3.0% strain) remain metallic down to 
the lowest temperature. Only films grown on LaAlO3 (−1.6% strain) 
exhibit a transition to a weakly insulating phase at T ≈ 20 K. All of 
these features of Ca2RuO4 have been understood in the context of 
the DFT + DMFT approach54–56.

Superconductivity in non-cuprate oxides: search and 
discovery
The 1986 discovery of superconductivity in derivatives of La2 − xBax-
CuO4 opened an entirely new field of research and launched a 
search for other superconducting oxides. One early success was 
the 1994 discovery of superconductivity in Sr2RuO4, a structural 
analogue of La2CuO4 with, however, strikingly different local phys-
ics driven by multiorbital Hund’s, rather than single-orbital Mott, 
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correlations. The search for superconductivity in single-orbital 
Mott systems initially focused on Ni-based materials57. It was pro-
posed58 that metallic LaNiO3 could be made superconducting by 
using quantum confinement and strain to lift the degeneracy of 
the two quarter-filled degenerate eg bands, thereby producing one 
half-filled dx2−y2 eg band with two-dimensional character in direct 
analogy with the cuprates. This prediction sparked the improve-
ment of sophisticated orbital-sensitive probes for ultrathin films59, 
spurred the development of DFT + DMFT and led to experiments 
on LaNiO3-based heterostructures60,61. However, in nickelate Ni3+ 
superlattices, the d8L nature of the Ni3+ ground state strongly lim-
its the degree of orbital differentiation62. Theoretically designed 
superlattices featuring substantial electron transfer to the Ni pos-
sess large orbital splittings: strong local fields elongate apical Ni–O 
bonds and create robust eg orbital differentiation on Ni2+ (d8) with 
a record orbital polarization of 50% (ref. 63). However, direct anal-
ogy with cuprates requires further orbital polarization and electron 
doping towards Ni+. The quest for nickelate superconductivity was 
rewarded with the breakthrough discovery64 that Nd0.8Sr0.2NiO2 
superconducts with a critical temperature of up to 15 K with an 
unusual Ni+ (d9) state. This new family of nickelate superconductors 
is currently under intensive experimental and theoretical study, with 
a key question being whether they are governed by single-orbital 
Mott or multiorbital Hund’s physics.

ultrafast control and new spectroscopies
Non-equilibrium phenomena have also been increasingly explored 
in correlated oxides, with notable advances both in experiment and 
in theory. Especially fruitful have been those experimental studies 
in which terahertz-frequency radiation was used to selectively drive 
collective modes nonlinearly. These optical control methods have 
opened up an entirely new toolset to control functionality at high 
speeds, and contrast with more traditional linear optical spectros-
copies that expose collective equilibrium behaviour without per-
turbing the state of the material. Nonlinear excitation makes it now 
possible to control as opposed to simply observe the materials state.

Coherent control of lattice dynamics65,66 has been especially 
fruitful, in its applications to steer electronic67, magnetic68 and ferro-
electric orders69, where selective distortions of certain bond angles 
have been shown to change the delicate balance between different 
interactions and the macroscopic functional properties. Advances 
in these areas have also been aided by new probing methods, includ-
ing ultrafast x-ray free-electron lasers, which make it possible to 
quantify these dynamics at femtosecond time resolution. Extensive 
theoretical work has followed, with many proposals for achieving 
nonlinear phonon control in materials70,71.

Arguably the most surprising results have emerged in driven 
unconventional superconductors, in which signatures of induced, 
non-equilibrium superconductivity were reported for temperatures 
far in excess of the thermodynamic critical temperature Tc (ref. 72). 
These experiments have initially focused on the targeted suppres-
sion of those competing orders that inhibit superconductivity at 
equilibrium, or more generally on transient lattice deformations 
and their coupling to the electronic structure73 (Fig. 3). Further 
work has broadened the scope of this class of phenomena, with 
reported non-equilibrium superconductivity in organic compounds 
such as K3C60 (ref. 74) and ET2Cu[N(CN)2]Br (ref. 75), indicating that 
the underlying mechanisms must be more general than originally 
envisaged.

Theoretical work has then increasingly explored genuinely 
dynamical phenomena in which the drive creates time-dependent 
Hamiltonian parameters, rather than switching into quasiequilib-
rium states. For example, the role of effective attractive electronic 
interactions (negative U) have been brought to the fore in vibra-
tional excited states for molecular solids76, as well as the role of 
parametric interactions in driven oxides, which predict cooling 

of thermal fluctuations77 or synchronization of phase-incoherent 
superconductors78. These and other similar studies may not have yet 
provided a comprehensive understanding of the microscopic phys-
ics of optically stimulated order in quantum materials, but they are 
prompting new thinking on strong correlations in driven settings, 
providing a language to describe a new generation of phenomena 
and possibly high-speed device applications for quantum materials.

Outlook
As the examples given in this article show, the past few years have 
seen notable progress in our ability to synthesize, measure, calcu-
late and control the properties of materials with strong electronic 
correlations in bulk, heterostructure and ultrathin-film forms. 
Key emergent themes include the non-trivial interplay between 
electronic and lattice properties, the tension between Mott and 
Hund’s correlations, and the importance of non-equilibrium drive 
as both a novel spectroscopy and a new form of control of materi-
als properties. These successes raise important challenges for the 
future. Extending the understanding achieved in the nickelates and 
ruthenates to other oxides and further to other classes of materi-
als including (possibly twisted) transition metal dichalcogenides, 
and also addressing topological and collective mode behaviour, 
are important scientific opportunities. The novel non-equilibrium 
states created by new generations of dynamical experiments call out 
for understanding.

On the theoretical side, the primary workhorse enabling the 
new class of systematic experiment–theory comparisons has been 
the density functional plus dynamical mean-field methodology. 
While there is now substantial a posteriori justification in terms of 
theory–experiment agreement, especially for multiorbital transition 
metal oxides, further development of the theoretical framework is 
required to bring this methodology to the same level of flexibility 
and usefulness that the density functional plus GW formalism has 
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Fig. 3 | Non-equilibrium superconductivity in YBa2Cu3O6 + x and in K3C60. 
Optically enhanced non-equilibrium superconductivity in Yba2Cu3O6 + x and 
in K3C60. The material is irradiated by a train of terahertz pulses (light red), 
which are tuned to the frequency of lattice vibrations in the cuprates or of 
a local vibrational mode of the C60 molecule. The irradiated area acquires 
the low-frequency optical properties of the equilibrium low-temperature 
superconducting state at temperatures much higher than Tc. These 
properties are evidenced by the transient appearance of a plasma edge 
in the c-axis reflectivity of Yba2Cu3O6 + x (R(ω) — red curve — left-hand 
graph). For K3C60, transient superconductivity is evidenced by a gapping in 
the real part of the optical conductivity (σ1(ω) — blue curve — right-hand 
graph) and a divergent imaginary part of the same complex function (σ2(ω) 
— red curve — right-hand graph).
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achieved for weakly correlated materials. Among the challenging 
areas under active theoretical development are the following: devel-
opment of more efficient methods for calculating the two-particle 
correlators needed for transport, susceptibility and other response 
functions; describing the very low energy scales typically needed 
for studies of superconductivity, including electron–phonon inter-
actions; extending the capabilities further within the regime of 
dynamics; and making the methods more usable and user friendly, 
so that they can for example guide materials design and synthesis 
efforts79.

Strong locality assumptions are fundamental to the DMFT 
methodologies currently in active use. Successful experiment–
theory comparisons such as those reported above have provided 
a posteriori justification in some cases. Among the key theoretical 
challenges for the future are going beyond the locality assumptions 
to permit the inclusion of longer-range interactions and fluctua-
tions beyond the local approximation within the DMFT/embedding 
scheme, and developing other methods that can treat strong correla-
tions to permit the same level of theory–experiment comparison.
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